(7 Planimeters 1
The mechanical measurement of Areas, Moments of Inertia, and th

Planimetern.. An instrument with a movable pointer used for mechanical
measurement of the area of an (irregular) plane figuoed.¢om 2013)

Integrator,n: One who or that which integratespec an instrument for indicating
or registering the total amount or mean value of some physical quantity,
area, temperature, etc.

Area A
A
Sever al mechani cal gadgets were i n

The most successful was invented by Swiss mathematician Jakob Amsler in 1
He founded a company to manufacture the planimeter, and then invented gad
to determine more complicated integrals.

Computing before Electronic Calculatorns
Thayer School of Engineering, 2024F © H.J. Frost, 2012024




Brute Force Measurement of Area 2

Counting Squares:
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The more laborious, the more accurate.



More conveniently, Counting Dots

AreaA




Even more conveniently, dots with a coarser grid.

A few different papers in the early 2Century have presented the idea
of counting dots on a transparent overlay.



Area by Measuring Line Segments
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@ Linear Scale for Area Measurement 6

(Cooke, Troughton & Simms, area measuring scale)

A A grid of straight lines on a transparent

— \’|\\1\ (e.g celluloid) sheet is placed over the
A > N area to be measured. The scale is then

Ay’l . placed successively along each of the
> lines. For each line the hairline marker |
‘I . /1f—/¥ moved across the area to add successi\
—““ /{,/ iIncrements of length into a running sum

S

(photo: www.mathsinstruments.me.uk/pagé.html)



http://www.mathsinstruments.me.uk/page

@ Scale for Measuring Al—Zc

Designed for units of rods, roods and acres.

1rod = 16.5 feet #roods  #acres # square rods

STANLEY.LONDON.
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Computing Scale.
4 roods=1 acre

40 square rods = 1 rood

This ruler with its fixed scale is designed for one particular scale of map.

(sketch from W. F. Stanley, Mathematical Drawing Instrumengs8" ed. 1925, pp. 24251)



Maker: Niggl, Paris (185
Musée des Arts et MetiersCNAM, Paris

Figure is placed under the scribed glass slide;
Carriage with measuring disc is moved repeated over the figure.

https:/irem.univreunion.ffcalculsavanExpositionArtsetMetiers0671300006e.html



Another view,

system Beuviere, 1844. Maker Niggl, Paris, Inv. 062260.
Musée des Arts et MétierSCNAM, Paris, photo M. Favareille



@ . Modern Measurement of Area =Y
App Store Preview (by S oftware)

This app is available only on the App Store for iPhone and iPad.

Planimeter — Measure Land Area
Measure map area and distance
Core Signals

#64 in Productivity
kA kkk 4.7 15K Ratings

$7.99

Screenshots irhone iPad

Emall

Copy Measurements

“1 Save (mage to Photos

https://apps.apple.com/us/app/planimaeterasurdand-area/id423492040#?platform=ipad
DL 5-23-2021



https://apps.apple.com/us/app/planimeter-measure-land-area/id423492040#?platform=ipad
https://apps.apple.com/us/app/planimeter-measure-land-area/id423492040#?platform=ipad
https://apps.apple.com/us/app/planimeter-measure-land-area/id423492040#?platform=ipad
https://apps.apple.com/us/app/planimeter-measure-land-area/id423492040#?platform=ipad
https://apps.apple.com/us/app/planimeter-measure-land-area/id423492040#?platform=ipad
https://apps.apple.com/us/app/planimeter-measure-land-area/id423492040#?platform=ipad
https://apps.apple.com/us/app/planimeter-measure-land-area/id423492040#?platform=ipad

@ Area as the integral of rectangular increments X

A
y —> 5 = Ax
7 Y \
y
f y .
L X

o Z
A=<j>dA=<j>ydx

Recorded increments of area must have magnitude proportionas twe scan ovex.
Early designs recorded the integral on a measuring dial on which an indicator pc
moved according tg times increments of. The idea was to make a linkage betwe
they value and the rate of dial rotation. Early designs used a cone or a disk for |
purpose.




@ Several Inventors Tackled the Problem | T

A Johann Martin Her mann (1814)"‘”

BavarianLand Surveydinever publisheitcreated for his own useg, - S
No example survives, but we have his design figure. e

* Tito Gonnella (1824)
Prof. at Univ. of Florence. Publishédlid not commercializé

A Johannes Oppikofer (1
Swiss Inventor. Mfg. in France by Ernst (1836+); then CIz

* Kaspar Wetli (1848)
Swiss Engineeir Austrian patent replaced cone with dis
Mfg. by Georg Christoph Starke of Vienna.

* John Sang (1851)
Scotti sh I nventor. Cone

* Hermann Ausfeld (1851)

A Jakob Amsl er (1854)
Swiss Professor of Mathematics. Founded Amsler & Son.

A James Clerk Maxwel |l (1)
Scottish Mathematical Physicist. ® =Alisield
* Displayed at the Crystal Palace Exhibition, Kensington, London,1




@ Earliest Planimeters were Complicated Gadgellsw
Cone planimeter by Johanm@ppikofer Germany, and Emst, Paris, 1821835

Planimétre Oppikofer et Ernst : 1. Elévation: 2. Plan.

Position of wheels on coneC depends ol value as given by position of pointer
Dial H records the rotation of wheél



Sang Planimeter of 1851

Another complicated CoABased design
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Position of wheeR on coneX depends oiy value as given by position of pointé&r

Dial D records the rotation of whelel

(Source of photograph uncertair




@ Wheel on Disk Planimeter 15
Wetli-Starke Planimeter, patented 1849.

Disc rotates as Readout
rod extends in the Dial

Tra_cer x-direction.
point

As the disc moves,
due to thet y motion
of the carriage, the
gear ratio between
the disc and the take
up wheel changes.

Carriage moves in th)edirection,
carrying the rotating disc.

Photograph from Technik Museums der Technischen Universitat Delft.
http://www.history.didaktik.mathematik.umvuerzburg.de/ausstell/planimet/starke.n(2017)

See article by Charles Care, A Chronology of Analog Computing, The Ruthédondali
The New Zealand Journal for the History of Science and Technology


http://www.history.didaktik.mathematik.uni-wuerzburg.de/ausstell/planimet/starke.html
http://www.history.didaktik.mathematik.uni-wuerzburg.de/ausstell/planimet/starke.html
http://www.history.didaktik.mathematik.uni-wuerzburg.de/ausstell/planimet/starke.html

Disk M moves along track Early Planimeters 16

S as the pointeB moves Wetli-Starke Planimeter, patented 1849.
in theY direction.

Fig. 3 Disk M rotates as pointdd moves in|
I v T X direction because gear(hidden
| | I underneatiM) connects the pointef
Iy M !'f‘.-r}'f?’ armL to diskM.
a_ Ayl
"’9 __L Lipg
E _______ N | e ——>
R Y .. i
) o i3 D X
N
S |
A
P |y &
Wheel m rotates at a rate proportionfl
to theY distance of pointelB and
I proportional to theX speed of poinB.

Mechanical Integrators including the various forms of Planimett
by Prof. Henry S. H. Shaw, D. Van Nostrand, 1886.



i) Another Early Planimete  Maxwell's Planimeter, 1855 17

Invented by James Clerk Maxwell in 1855
while he was at Trinity College, Cambridge.
(The Maxwell of Maxwell's Equations of
electromagnetism, etc., etc.)

Maxwel |l had not yet hear debl
and abandoned the project after learning about
Amsler's simpler and more practical device.

from website of Prof. Robert L. Foote, Wabash College, Crawfordsville, Indiana
http://persweb.wabash.edu/facstaff/footer/Planimeter/PreAmsler.htm



@ Amsler "Polar" Planimeter of 1854 15

_ Indicator Dial
Hinge / Fixed
Ny « | pole
Measuring Arm <— Tracer

Two new features:

A Indicator Dialthat rolls in one direction activated by rolling ove
the paper and slips in the other.

A Linkage between the trace
and a fixed pole, held in place by a needle point, forcing the
hinge to travel along an arc of a circle.



@ Early Amsler
Planimeter

Amsler’s Polar-Planimeter. e ' /E

‘{ s A
e e e, T AR
E [ & iz O Sk
| | | | B
B = g 7
' J. Amsler, Uber das Po#ﬁ’dam_met

Dinglers polytechnisches Journal, 1856, Band 140, N, LXXIII (é:?@?])



g :

Tracer

Allbrit Linear Rolling Planimeter
This device dates from the early 20th century. The rolling/sliding dial mechani
this planimeter uses is derived from Amsler's mechanism, invented half a cent
earlier. It is shown here because its operation is simple to understand.

(photograph courtesy of Douglas Fraser, 20



@Dial Wheel with Rolling & Sliding as Recording Mechanjsa.

The first novel feature of Amsler's design was the use of a readout by a meast
wheel that rolls and slides as it moves while a pointer traces the outline of the
shape to be measured.

In the linear geometry it looks like this:

L Roller Records:
N / dx-sina
dial wheel ' T
)l? y=Lsna
e l— x
Recordingdk sina is the same as recording/l() ck = A&
dial roller
7 -V/;A,«.f.;;;%//// : y 1 A
7 ¥ Ox-sinot=QP=0x=—POoA=—
Z 10—_;%7
2%7E
\Vernier counter

scale Reading shown = 3.584



(7 Vernier Scale — 22
Simple method to reach an extra digit of precision. | 10 —— )
Invented by French Mathematician Pierre Vernier (15887) EEE c
dial roller % §E
A 0——3
://lo—zg—? [
? o—ég—s . —
aAE£ 10 increments left hand scal
/N E:'—u
Vernier counter match
scale  Reading shown = 3.584 9 increments right hand scale
Hidden below the counter disc is a spiral thread on 10

the axle for the dial roller that advances the counter
by one unit for each full rotation of the dial roller.

H K g 0.0100 In. {] 3 . 5

i1

4 13
o=

— QO

- showing 3.44
(Carpenter &Diederichs, Experimental Engineering and Manual for Testing, Fig. 5)



@ Simple Planimeter with rolling & sliding dial wheel?3

- Roller Records:
= Track v slide Ax-sinor
roll -4, \

dial wheel
Ay
—{Arf— X
y=Ldna
Carriage — Recor dinag @
IS the same as
e —— recording y/L) Xx &

—T

< Track = Al

gﬂéx-sina=gﬁéx-sina=9§%5x=%g§5A=%



(7 24

Other Linear Planimeter mechanisms to measure incrementsaf
("Linear" in the sense that on the rollers the mechanism moves along a straight |

No, N4262,

Recording on a rotating disk. Recording on a rotating
spherical cap.

Coradi Rolling Planimeters

(sketches from Keuffel & Esser catalo



Coradi Rolling Sphere Planimet:

Linear planimeter mechanism
to measure increments pf ak

Recording through spherical cageared to
rotate with the rotation of th@ller wheels

——
1867
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Computing Gadgets for the Late Victorian Engineering Scheg]

C.LASSES of ;894'9’5’895 ; Drawing room of

(Photograph from Dartmouth College Archive



Thayer School's Rolling Sphere Planimeter



@ Coradi Rolling Disc Planimete 08
Linear planimeter mechanism t( w58 RIS

measure increments pf ak

Recording on aotating disadhat is geared t
rotate with theoller wheels Therecording
wheelslips and rolls on the rotating disc "
according to Its location that changes (from Keuffel & Esser catalog)\“"' ’
according to the angle of the tracing arn No. N2

Roller Wheel

Recording Whee Tracing Point

(Planimeter was sold in the U.S. as K&E model 4262,
photo from smgcemages.s3.amazonaws.com/media/W/P/A/large_1912 0201 0001 _.jpc




Rotating Disc Measurement Mechanism 29

¥

L = Length of Pointer Arm

Measuring wheel moves with
the angle of the pointer arm.

™ Disc rotates Af with Dq — k[)X

pointer movement Ax.

k = gearing constant for
disc rotation



Rotating Disc Measurement Geometry 30

X

R= \/ r 2 4 82 - 2rscosa (Law of Cosines)

a@a = Increment of measuring wheel trav
sna _dng
R S

(Y—m/2) (Law of Sines)




Polar Planimeters 31

The second novel feattre..of Amecl ey
the simple linkage of two arms hinged together

The rolling/sliding measurement system works
for any shape of the track the pivoting end of tf
measuring arm must follow.

http://persweb.wabash. edu/facstaff/footer/PIanmeterées Flacheninhaltes..

Hinge Fixed
N « | Pole
Measuring Arm <— Tracer
Jakobh AmsleiLaffon
(182371 1912)
Swiss Mathematician and Industrialis
Inventor of the Polar Planimeter
Animation:

J. AmslerUber die mechanische Bestimmur

Polar&Linear.htm) by Prof. Robert Foote

.iInsbesondere Uber e

neuen Planimetet856
Figure from Keuffel & Esser catalog, 1908,

shown in WikipediaPlanimeter,(2017). (Portrait: Wikipedia Jakob Amsletaffon, 2017)


http://persweb.wabash.edu/facstaff/footer/Planimeter/Polar&Linear.htm
http://persweb.wabash.edu/facstaff/footer/Planimeter/Polar&Linear.htm
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Amsler Polar Planimeters

(Wikipedia, Planimeter Creative Commons, creator Nol Aders)




[ |1=67]
The planimeters became a standard office instrument.

29-C- 16- l% T e, N o A ... TR L TR |
From the National Archlves httpw(/vw flickr.conVphotosidisnationalarchivé6789717264/




Operation of the Polar Planimeter >

Decompose the area traversed
Tracer Point the measuring arm m_to
A area i nafte
A area i nag e

dA=11%af +Loh
Distance measured by the rolle
ds=ah+Kdadf
oh=ds- Kaf
dA=1L%0f +Lds- LKdf

A=§Lds+%M—M

Y
(Thedf incrementsgyive no net contribution.) (gﬁé(p = O)

X




@ Area Difference Theorem 35

A moving line segment sweeps out area, called positive as the line moves in tl
direction of its normal vector N, and negative if it moves in the opposite directis

/AR

AL

Positive area is shown bilue, negative area ired

The lefthand region (of areey ) is swept in the negative direction.

The righthand region (of arear) is swept in the positive direction.

The region between the two areas is swept both positive and negative directio

The total signed area swept out by the line segméag isA; .

For a planimeter the left edge of the line moves back and forth along a fixed tr
i AL = 0.
Animation by Prof. Robert Foote fron
http:/fpersweb.wabash.etacstafffooter/PlanimeteAreaDiffThm.htm



@ Area Difference Theorem 36

A moving line segment sweeps out area, called positive as the line moves in tl
direction of its normal vector N, and negative if it moves in the opposite directis

Constrained track of
the other end of the

measuring arm. +
E AR
AL - \
[_|_] Areatob
measure

Positive area is shown bilue negative area ired

The lefthand region (of areay ) is swept in the negative direction.
The righthand region (of areag) is swept in the positive direction.
The region between the two areas is swept both positive and negative directio

The total signed area swept out by the line segmé¥ai isA; .

For a planimeter the left edge of the line moves back and forth along a fixed tr

t AL = 0.
Animation from Prof. Robert Foote

http:/fjpersweb.wabash.eflacstafffooter/PlanimeteAreaDiff Thm.htm



@ Green's Theorem for Planimeters 37

The validity of the planimeter may be verified by applying Green's Theorem*.
Consider a regio® surrounded by closed cur. C
Let P(x,y)andQ(x,y)be functions v
with continuous first derivatives ovex.
(We may think of P,Q)as a vector field.)

¢C(de+Qdy) = ffD(aQ — ap)dxdy

0x 0dy
1Q_1P_,
x Ty

P andQ must correspond to the accumulated measurement of the measuring v
as we circuit the perimeter.

If we pick P andQ such that: then the integral will give the Area,

Direction of rolling is perpendicular to the measuring arm.
Measuring arm spans from poiatlf) to point on perimetex(y).
Vector of the measuring arm lengthxsd, y-b].
Perpendicular direction that wheel will rolk(\-b), (x-a)].
Moving the tracer by an incremenk| dy]
Increments the rolling by the projection ak{( dy) in the rolling direction.

" George Green (17931841), English Baker, Miller and Mathematician.



JGreen's Theorem for Sliding/Rollirgyheel Planlmete1:s\.,8
The validity of the planimeter may be verified by applying Green's Theor

(We may think of P,Q)as a vector field.)

00 0P
$(Pdx+0dy)= [f | ==~ =
Q TP
x Ay

P andQ must correspond to the accumulated measurement of the measuring wheel as
circuit the perimeter.

Direction of rolling is perpendicular to the measuring arm.
Measuring arm spans from poiatlf) to point on perimetex(y).
Vector of the measuring arm length xsd, y-b].
Perpendicular direction that wheel will roll:(\-b), (x-a)].
Unit Vector in the rolling direction: E@ (- b),(x- a)e
Moving the tracer by an incremerk| dy]

increments the rolling by the projection @k[ @] in the rolling direction:

(Vector dot product) %g (y- b) @k +(x- a) Qe

The scale on the rolling wheel readout is adjusted to compensate for the fagtor (1/
so it reads: $o[-(y-b)dx+(x-a)dy]

/

)dx dy

If we pick P andQ such that: =1 then the integral will give the Atea,




@ Green's Theorem for the Linear Planimeter [

¢ (Pdx+0dy)= |[ gg—gi)dxdy y]

/C Pick P andQ such that:
R _P_,
> vy _ (a’z//

For the linear planimeter, we useP(x, y) =-VY,; Q(x, y) =X- a
(Special Case di=0.)

Q_P_M(x-a) -y)_x fa,fy_, fa,_, Ta

™x Ty X v  TIx Tx Ty X x

Constraint: (X- a)2+y2:L2 o (x- a):\/(LZ' y2) , a=X- \/(LZ' y2)

vaad .y p IOIP, Bp
GHX =y, x Ty  1x




40

@ Green's Theorem for the 20 op
Polar Planimeter Sﬁc(”dX+QdY)=ffD(ax - ay)dxdy

Pick P(x,y)andQ(x,y)to match the operation of the measuring wheel,

and then show thaf:;Q 1111 =1 (or a constant), meaning that we measur
X
Use:P(x,y)=-(y-b); Q(xy)=x-a
Note thata andb, coordinates of the hinge location,
are not constants, but dependxandy.
2 2 _,2
Constraints: a2 +b% =M?2: (x- @) +(y- b)" =L
(Point @b) is constralned to a circle of radilvk)

From 'IT_ ﬂa ﬂ—b—O Xﬂ ﬂb:X-a

L _ +y
these: qx 'HX X ix ~9x
T ‘ITa ﬂ . ﬂa b
— : =y-a
YA YRR Vil vl

equations for — = : : :
4 derivatives: 1X  ay- bx x ay- bx Ty ay-bx " fy ay-bx
} 2 (v- b e - - b2 e %)
Q WP _ux-a) ey )@zz_ua_@zz_éb(x a)+a(y b)u ,_ Say- qu—l
WX My X Hy W py  eay-bx ay-bxd eaEa y- bxu

| y
Solving 4 fa - b(X a) - [o) _ a(x- a) . 'ﬂa: - b(y- b) _ b _ a(y- a)




Ordinary Vintage Planimeters

Calibration Device.
Beam pinned at one
end allows the trace
point to be taken
around a circle of
known radius/area.

Collection of Clark McCoy
http://mccoyskecatalogs.cof?lanimeterModel®lanimeterModels.htm




@ Another Vintage Planimeter

e
]

Keuffel & Esser
Model 620022
19621 1972

Collection of Clark McCoy
http://mccoyskecatalogs.cof?lanimeterModel®lanimeterModels.htm

42




@ Modern Digital Planimeters

Might possibly be purchased new.

/ P D MWHERPL A”’X 7

- STAMAYA

(Available ate.g https:famayatechnics.corfen/planix/)

43




o To o T
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Sources of Error

Measuring wheel sl i ppage.
|l ncorrect arm | engt h.

| ncorrect measuring wheel

Mi sal i gnmavheelaxisf measuri ng
t nCompensatingo polar pl &

y ~




@ Planimeter Application for Steam Engine Testin@
The power Is energy/stroRestrokes/unit time.

The energy is given in terms ot\)pdV

p = Steam Pressure.
V = Volume of Steam Cylinder.
(given by distance of stroke)

Recording
pen

Rotating cylinder
holds the
recording card.

Y

Connection
to Pressur




@ Using a Steam Engine Indicator

The Steam Engine by John Perry, 1902, McMillan and Co., on Intl. Slide Rule Museum w



&) Planimeter Models specific for Steam Engine Testing

Coffin Averaging g IR
Instrument |
A linear planimeter

PxV /-
record

Tracer
Point

Groove — 7|

Weight

Post
(under weight)
slides in groove. Measuring Wheel

(Carpenter &Diederichs Experimental Engineering and Manual for Testing, Fig.



@ The Willis Planimeter 48

Disc W slides along the scale
as the tracer point

M.E. {19 58 Q

T ) = T
Tracer point THE WILLIS PLANIMETER.

The Willis planimeter reverses the roles of rolling and sliding.

(Carpenter &Diederichs Experimental Engineering and Manual for Testing, Fig.



@ Willis Planimeter and Lippincott Planimeter

Reverse the roles of sliding and rolling:
Sliding is used for the measurement;
Rolling is neglected.

Willis Lippincott

From AAmerican POteefii meterso by Bob
J. Oughtred Society, Vol. 11, No. 2, Fall 2002, pp-689

49




(©)

Hatchet Planimeter 50
Invented in ~1875 by Danish Cavalry OffiddolgarPrytz

Prytzlooked for a very cheap alternative
to the weltknown Amsler planimeter.

Blade Point || (B)

To Do o I

Trace around tBe shape wit he r
Let Q)follewvhatever path(t chooses.
Measure the distance meved by t he

Comput eAat-he ar ea a Sircuit sketch from Robert Foote, T
Geometry of thé’rytz Planimeter,



@ Hatchet Planimeter in action 51

Animations from Robert Foote, The Geometry of Bmgtz Planimeter,



(7 Variety of Hatchet Planimeter Designs 52

J. GOODMAN.
PLANIMETER.

No. 500,202. % Patented June 27. 1893. (U.S.A.) John Goodman (1891)
a/

Ernest Kilburn Scott (1896)

Ui
.

G. Coradi (1895)

_Fiey.
e A = 5 4 . .
I > Lesl;e Haywood H:unsfleld (1932)
3 é 7
==/ 4 = a = @) ]
3 2L

Fig. I A?'

= K- Lo
Luis Larrazabal y Fernandez (1926)



@ Radial Planimeters 53

To measure the average distance from the center @abe, circular charts.

Paper disc printed for
2 ¥ s 24 hour duration.

0} > o - ~.-,V n;'\\‘\" NG "
A ) _?2{ \. \— 8
RO I
\)"—\ -t
-~ \::;\;‘.-'\» \‘
AN e
A n
X B
\ 3 "“X _‘;_ X \.
-

A knob at pole P fits into a groove in the underside of tracer arm A, so that the tracer
point T moves easily towards or away from the pole as it makes its circuit.

(sketch taken from the Keuffel & Esser catalog? &@lition, 1921, p. 252;
https:/archive.orgdetails/CatalogueOfKeuffe|lAndEsserCo36Edition1921/page/n289/mode/



SquareRoot Planimeters and Flow Meters [>*

FIl ow meters often meaPsap Epy)iadioss ap orifeces.

Volumetric flow rate (r/s): q\,=CAZ\/2(p1- )/ r

C = orifice flow coefficient, dimensionless.

A, = crosssectional area of the orifice holezm
r = density, kg/m.

T. Leise(2007). Asthe@ | a n i mieetleolls/
The College Mathematics Journal 38(1)}24.




Daily Chart for >
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e’ &
S
£y
S /
S
z Lol
ST
3
3’[ g
2
V.S
2\ )
o
‘-\H
o(
0I\% N
)

Reference:
book on flow meter

engineering

200

O DAY == N

55

e 100,
= 00,
39, 3¢,
)
™ 9
gt 0,
5 %
- T~
2 7 %) % 1@
e A
=3 o %
olQ ok X ,\0
o >
& 9 S
() VJ},/ 20 = < \g‘$ ?5'
= ;o EF 29 ) N
L - /50 \
» \o ’6
BORO ¢ St
s ‘ng”‘ T(:;, S N e T e g\ |1t
ORIFICE ME :
/o A\ g
S
1 + o s
85828
& X < & &
& B, <3 Q'
% s S LS
0, é\ 4 7 A /
0, o &
o 0, = - % ¢ 8
Q /8
35\00 3 mied/ - 6"\ / g{
3 8
N ~Static Record < A
ov o
9T —— =
% -
X A°9a E"g &
~,
3 o
~ ()
. 3 - Z 7
Differential Record
: e _ 7 o
Oo,
g o8
009 he » %
N - w0
= LHIINS)

11

005




@ Daily Chart for Pressure Difference Record [5;
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Reference:
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@ Operation on a Circular Chart 57

. tangent Use chevron brackets notation for vector
r vector . .
J * (X,Y)° xi+Y]
rog— p+0
=T o@=(1(g) ) eosgsng
tracer | ~ . df .
center c'(g)=(f(q)+a)(- sing, cosq>+@<cosq,an>

unit vector for wheel rolling direction:
w(g)=(cos(q+b),sin(g+ b))

The increment recorded by the wheel rolling during an increment of tracing along the cur

w(g) @'(g)dg =(cos(g+ b),sin(g+ b)) Cg f (g) +a)(- sing,cosq) +%(cosq,sinq>gdq

w(g) C"a'(q)dngf () + a)sin b+%cosb§dq

Following TanyaL,eise As t he Pl ani mét e |



(7 Average Flow Calculation 58

Total Wheel Roll;

The first integral has two terms:

The second term cancels the second integre

Leaving:

To get our planimeter to calculate

we need: ,



